Based on the technique of integration within an ordered product (IWOP) of operators we introduce the Fresnel operator for converting Caldirola-Kanai Hamiltonian into time-independent harmonic oscillator Hamiltonian. The Fresnel operator with the parameters A, B, C, D corresponds to classical optical Fresnel transformation, these parameters are the solution to a set of partial differential equations set up in the above mentioned converting process. In this way the exact wavefunction solution of the Schrödinger equation governed by the Caldirola-Kanai Hamiltonian is obtained, which represents a squeezed number state. The corresponding Wigner function is derived by virtue of the Weyl ordered form of the Wigner operator and the order-invariance of Weyl ordered operators under similar transformations. The method used here can be suitable for solving Schrödinger equation of other time-dependent oscillators.
I. INTRODUCTION
Damped harmonic oscillator is a typical example of dissipative systems. Usually people introduce a timedependent Hamiltonian for describing such a dissipative system. The Caldirola-Kanai (CK) Hamiltonian [1, 2] model for the damped harmonic oscillator has brought considerable attention in the past few decades because it offers many applications in various areas of physics. In order to obtain the exact solution to the Schrödinger equation for CK Hamiltonian, several techniques, such as path integral and propagator method, dynamical invariant operator method, etc, are used [3] [4] [5] [6] [7] [8] [9] [10] . In this work following Dirac's idea "... for a quantum dynamic system that has a classical analogue, unitary transformation in the quantum theory is the analogue of the contact transformation in the classical theory..." , we shall adopt a new approach for treating CK Hamiltonian, i.e., to construct a so-called Fresnel operator to convert the Hamiltonian of explicitly time-dependent oscillator into time-independent harmonic oscillator Hamiltonian. The Fresnel operator with parameters A, B, C, D corresponds to a classical optical Fresnel transformation, and these parameters are the solution to a set of partial differential equations set up in the above mentioned converting process. In this way the exact time-dependent wavefunction of the Schrödinger equation governed by the CK Hamiltonian can be directly obtained, which represents a squeezed number state. The corresponding Wigner function is derived by virtue of the Weyl ordered form of the Wigner operator [11] and the order-invariance of Weyl ordered operators under similar transformations [12] .
II. FRESNEL OPERATOR AS MAPPING OF CLASSICAL CANONICAL TRANSFORMATION IN COHERENT STATE REPRESENTATION
By mapping (x, p) → (A(t)x + B(t)p, C(t)x + D(t)p) , where AD − BC = 1 is kept in time evolution, in the canonical coherent state representation [13] 
where a † is the bosonic creation operator with a, a † = 1, Fan et al [14, 15] have set up an explicit quantum mechanical unitary operator
Using the technique of integration within an ordered product (IWOP) of operators [14] [15] [16] to perform the integration in Eq.(2) yields
Taking the matrix element of operator F in the coordinate representation |x , the result is given by [16] 
which is just the integration kernel of optical Fresnel transforation [17] , thus F is named as Fresnel operator, i.e. to correspond to a Fresnel transformation in Fourier optics. Further, it has been proved that F has its canonical operator (X, P ) representation [18] 
where
. One can see that F is a general SU(1,1) single-mode squeezing operator, because X 2 , P 2 and XP +P X are three generators of SU(1,1) Lie algebra. The following relations can be easily obtained
III. FRESNEL TRANSFORMATION FOR QUANTUM MECHANICAL TIME-DEPENDENT OSCILLATOR
In this section, we employ time-dependent Fresnel operator to study the dynamic evolution of time-dependent harmonic oscillators. For a general time-dependent HamiltonianĤ
with the Schrödinger equation
here = 1, we hope that this time-dependent H can be converted into a time-independent harmonic oscillator by some time-dependent Fresnel transformation, where A(t), B(t), C(t), D(t) are determined by solving a coupled partial differential equations, this can be derived as follows. By performing a transformation on |ψ(t) with Fresnel operator, we have
which follows
due to F F −1 = 1 as well as
In order to knowĤ, we must calculate
∂t , in fact, using Baker-Hausdorff formula
and Eq. (6), we have
If we demand
a time-independent Hamiltonian, where ω is to be determined shortly later, we can derive the following coupled partial differential equations
In principle, we can solve the coupled equations for deriving A, B, C and D when f (t) and g(t) are both given. As a result, the Hamiltonian in Eq. (7) can be turned into the time-independent Hamiltonian of the standard harmonic oscillator. As a concrete example, we derive the time-dependent Fresnel operator for the CK Hamiltonian [1, 2] . The CK Hamiltonian is given by setting f (t) = e −2γt and g(t) = e 2γt in Eq.(7)
Correspondingly, these partial differential equations, from Eq. (15) to Eq.(17), become
− ACe 22) we know C = mγe γt , namely
Substituting Eq. (23) into Eq. (21) we obtain the frequency ω = ω 2 0 − γ 2 . According to Eqs. (5) and (23) the time-dependent Fresnel operator for CK Hamiltonian takes the form
which can convert the time-dependent CK Hamiltonian into the Hamiltonian of the standard harmonic oscillator with a frequency ω. Although this kind of operators appeared in ref. [5] , nevertheless, its physical meaning as a particular Fresnel operator had not been noticed there, not to mention how it was deduced.
IV. WAVEFUNCTION TO THE SCHRÖDINGER EQUATION OF CK HAMILTONIAN
Now from Eqs. (9) and (14) we know |ψ(t) = F −1 |φ . If |φ = |n , a number state in the Fock space, is the eigenstate ofĤ = 
(25) In the x| representation, x| X = x x| , using x| exp iγt 2 (XP + P X) = e γt/2 e γt x
we know the wavefunction of |ψ(t) is
H n (x) is the single-variable Hermite polynomial and is recovered. Clearly, the exact time-dependent wavefunction x |ψ(t) represents a squeezed number state for the CK Hamiltonian model. As one can see from the above discussion our method can be suitable for solving Schrödinger equation of other time-dependent oscillators.
Another advantage of our method is that the Wigner function of |ψ(t) can be concisely derived by the above time-dependent Fresnel operator. The Wigner operator is defined by [19] ∆ (x, p) =
its normal product form is [11] ∆ (x, p) = 1 π : e
where α = 
and
L n is the Laguerre polynomials. Especially, when n = 0, Eq.(32) reduces to the Wigner function of the squeezed vacuum state
For n = 1,the Wigner function is
Wigner functions expressed by Eq.(32) are depicted in (x, p) phase space for different values of t and n when γ = 0.5. Figs.1 and 2 respectively exhibit the cases of n = 0 and n = 1 for different time t. Fig.1(a) shows the Wigner function of the vacuum state. Figs.1(b) and 1(c) show that when time goes on, the form of Wigner functions in Gaussian quickly becomes narrow in position space, but spreads widely in momentum space, which implies squeezing mechanism involved in the CK Hamiltonian model. In Fig.2 there is a negative region, which indicates the nonclassicality of the squeezed state when n = 0.
V. CONCLUSION
In summary, we have introduced the time-dependent Fresnel operator for converting Caldirola-Kanai Hamiltonian into time-independent harmonic oscillator Hamiltonian, the A, B, C, D parameters involved in the Fresnel operator are the solution to a set of the patrial differential equations set up in the above mentioned converting
